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1. I n t r o d u c t i o n  

Let P be a class of groups and G a group. Then we call a set E of subgroups 

of G a G-covering subgroup system for the class b c (or directly a Y-covering 

subgroup system of G) if G E $- whenever every subgroup in E is in $-. Clearly, 

the set of all finitely generated subgroups of a group G is a G-covering subgroup 

system for the class of all abelian groups. Also, by the well known Mal'cev 

local theorem [10] (see also [9; Section 22]), we know that the set of all finitely 

generated subgroups of a group G is a G-covering subgroup system for many 

other important classes of groups. However, in the theory of finite groups, we 

know even less examples of such kind and most of these examples are confined 

in the classes of nilpotent and p-nilpotent groups. For example, if P is a Sylow 

p-subgroup of a finite group G, where p is odd, then by the famous Thompson J- 

theorem, the set {No(J(P)) ,  Cc;(Z(P))} is a G-covering subgroup system for the 

class of all p-nilpotent groups. According to [1], the set of all normalizers of all 

Sylow subgroups of a finite group G is a G-covering subgroup system for the class 

iV of all nilpotent groups and, by Fedri and Serens [5], there are groups G in which 

the set of all normalizers of all Sylow subgroups is not a G-covering subgroup 

system for the class H of all supersoluble groups. Another example is the set E 

of all biprimary subgroups of a group G. This set forms a iV-covering subgroup 

system of G. Indeed, it is well known that every finite minimal nonnilpotent 

group (that is, a nonnilpotent group in which every proper subgroup is nilpotent) 

is biprimary. Hence, a group G is nilpotent if every subgroup in E is nilpotent. 

We note that this system is in general not a/./-covering subgroup system of G, 

because there are finite nonsupersol,uble groups in which all biprimary subgroups 

are supersoluble. On the other hand, from the well known Huppert 's  results on 

minimal nonsupersoluble groups [7], we see that the set of all subgroups H of a 

finite group G with 17r(H)[ < 3 forms a H-covering subgroup system of G, where 

zr(H) is the set of all prime divisors of the order Isl of g .  

In this paper, we will give some new examples of N-covering subgroup systems 

for finite groups. One of our main results is (see Theorem 3.7): Let G be a group. 

Assume that there exists a set )c of subgroups of G having the following property: 

For every maximal subgroup M of any Sylo~v subgroup of G, either M is normal 

in G or Jr contains a supplement of M in G. Then F forms a G-covering sub- 

group system for the class of supersoluble groups. In addition, we also consider 

other sets of subgroups of a finite group G which are simultaneously G-covering 

subgroup systems for both classes of supersoluble and nilpotent groups. In fact, 

we give some new conditions for a group G to be supersoluble or nilpotent, and 
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also we provide a new approach to study the properties of groups. 

The reader is referred to Doerk and Hawkes [4] for terminology and definitions, 

if necessary. 

2. P r e l i m i n a r i e s  

All groups considered in this paper are finite. For the sake of convenience, we 

first cite some known results which will be frequently used in the proofs. These 

results may be found, for example, in [4; Chapter  A and Chapter  1]. 

LEMMA 2.1 (Wielandt): I f  a group G has three soluble subgroups T1, T2, T3 

whose indices IC : T~I. IG : T2I, IG : T31 are pairwise coprime, then G is soluble. 

LEMMA 2.2: Let N be a normal subgroup of a group G such that N / N  N g~(G) 

is nitpotent. Then N is ~lso nitpotent. 

LEMMA 2.3 (Huppert):  .4 group G is supersoluble if  and only if every maximal 

subgroup of G has prime index in G. 

LEMMA 2.4: Let H / K  be a chief factor of a group G. Then [H/K I is a pr imep 

i f  and only if  G /CG(H/ I ( )  is a cyclic group whose order divides p - 1. 

We use the symbol Soc(G) to denote the product of all minimal normal sub- 

groups of G. We recall that  the product of all nilpotent normal subgroups of 

a group G is the Fitting subgroup of G and is denoted by F(G).  Usually, we 

use the internal structure of F(G)  and its location among others subgroups of a 

soluble group C to determine the properties of the base group G. However, if 

the group G is not soluble, then the Fitting subgroup of G may be trivial, and 

in this case, various generalizations of F(G)  are possible. In particular, we con- 

sider the subgroup F(G) of G which is a subgroup of G satisfying the conditions 

• (G) C F (G)  and T(G)/q~(G) = Soc(G/q~(G)). We cite the following results 

which will be useful in the sequel. 

LEMMA 2.5 (Gaschiitz): Let G be a soluble group. Then 

F(G) /O(G)  = Soc(Gffb(G)). 

LEMMA 2.6: Let H / K  be a chief factor of a group G. Then F(G) C_ C a ( H / K ) .  

LEMMA 2.7: Let G be a soluble group. Then CG(F(G)) c_ F(G).  
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LEMMA 2.8: Let N <_ K <_ Soc(G), where N, I (  <3 G. Then there is a normal 

subgroup T of G such that K = N x T. 

A group G is called primitive if G contains a maximal subgroup M such that 

MG = 1, where 5IG is the core of M in G. For primitive groups, we have the 

following results: 

LEMMA 2 . 9  (Baer): Let G be a primitive group. I f  G contains an abelian mini- 

ma/ normal subgroup R, then R = Soc(G). 

LEMMA 2.10: Let H / K  be a chief factor of a group G. I f  H / K  is a p-group, 

then Op(G/CG(H/I ( ) )  = 1. 

LEMMA 2.11: / f  G is a supersoluble group, p and q are maximal and minimal 

prime divisors of [G[ respectively, then a Sylow p-subgroup of G is normal in G 

and G is q-nilpotent. 

LEMMA 2.12 (Cunihin [2]): I f  G = A B  with D <3 A and D C_ B, then D C_ Bc .  

LEMMA 2.13 (Hall): Let G be a group. Then G is soluble if  and only if  every 

Sylow subgroup of G is complemented in G. 

LEMMA 2.14: I l l  # N <3 G and ~b(G) = 1, then Soc(N) C_ Soc(G). 

We use 7r(G) to denote the set of all primes dividing the order [G[ of the group 

G. Also, we call that a subgroup T of a group G a supplement of a subgroup H 

in G if G = HT.  

3.  R e s u l t s  

LEMMA 3.1: Let N and L be normal subgroups of a group G. Let P / L  be 

a Sylow p-subgroup or N L / L  and M/L  a maximal subgroup of P I t .  I~ Pp is 
a Sylow p-subgroup of P n N,  then Pp is a Sylow p-subgroup of N such that 

D -- M n N n Pp is a maximal subgroup of Pp and 3I  = LD. 

Proof'. Since P <_ N L  and L _< P, we have P = P N N L  = L (PNN) .  This implies 

that P / L  = L ( P N N ) / L  ~- ( P N N ) / ( L N N N P )  = ( P N N ) / ( L N N )  <_ N / ( L N N ) .  

Since ]NL/L[ = ]N/LNN[ ,  IP/L] = I ( P N N ) / ( L N N ) ]  and since P / L  is a Sylow 

p-subgroup of N L / L ,  IN/(L N N ) :  (P N N ) / ( L  N N)l is not divisible by p. This 
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shows that  (P  n N ) / ( L  n N) is a Sylow p-subgroup of N/ (L  0 N). Analogously, 

since M / L  = (M n N ) L / L  ~_ (M n N ) / ( L  n N), we have 

[NL/L : M / L  I = I N / ( L n N )  : (M N N ) / ( L n  N)I. 

But (M N N ) / ( L  N N) <_ ( P A N ) / ( i N N ) ,  and hence (M n N ) / ( L  n N) is 

a maximal  subgroup of (P  N N ) / ( L  N N). Let Pp be a Sylow p-subgroup of 

P N N. Then Pp(L f3 N ) / ( L  N N) = (P N N ) / ( L  O N). Since p does not divide 

IN/(L N N) : (P N N ) / ( ( L  n N)I, w e  see that  Pp is a Sylow p-subgroup of the 

group N. Since M A N  = M N N N P p ( L N N )  = ( L N N ) ( M n N N P p ) ,  we deduce 

that  
p = I ( P N  N ) / ( L N  N ) :  ( M N  N ) / ( L N  N)t 

= [ ( P n  N ) :  ( M n  N)I 

=IPp(L n N): (L n N ) ( M  rl N n Pp)I 

IPp(L n N)I 
I(n n N)(M n N n P~)l 
IPplIL N NIIL N N N M N N N Ppl 

- I L  N NIIM V~ N n PpIIPp N L N NI 

IP~I 
IM n N n-Ppl 

Hence D = J~l n N N Pp is a maximal  subgroup of Pp. From the above, we see 

that  M n N  = ( L n N ) D ,  and so M = M n L N  = L ( M n N )  = L ( L n N ) D  = LD. 
| 

THEOREM 3.2: Let G be a soluble group having a normal subgroup N such that 
G /N  is supersoluble. Assume that there e:dsts a set jr of subgroups of G having 

the following property: For every maximal subgroup M of any Sylow subgroup 

o fF(N) ,  either M is normM in G or .T contains a supplement of M in G. Then 

5 c / b r m s  a G-covering subgroup system for the class of supersoluble groups. 

Proof: Assume that  the theorem is false and we let G be a counterexample with 

minimal order. 

Let q5 = (I)(G). Then we consider the quotient group G/o;. We first show that  

the hypotheses of the theorem are true for G/g;. Let A/rb = F(NOP/rb). Then 

A = A N N ~  = q)(A N N).  Sfiwe A/q5 is a nilpotent normal subgroup of G/cb, A is 

a nilpotent normal subgroup of G, by Lemma 2.2. Hence, we have A N N  <_ F(N).  

On the other hand, since F ( N ) / F ( N )  O '~ ~- F(N)~b/~ <_ F(NdP/~), we have 

F ( N )  _C A. Consequently, we obtain A O N = F(N) ,  and thereby F(N~/4~)  = 

~a /~  = (A n X),~l,~ = F ( N ) , ~ / , ~ .  
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Now let P/O be a Sylow p-subgroup of A/O and M/O a maximal subgroup 

of P/O and Pp a Sylow/)-subgroup of P N F(N). Then by Lemma 3.1, Pp is 

a Sylow p-subgroup of F(N) and D = M A F(N) N Pp is a maximal subgroup 

of Pp. By the choice of G, either G has a supersoluble subgroup T such that 

DT = G or D is normal in G. By Lemma 3.1, we have M = Dq.  Hence in the 

latter case, DO is also normal in G, and so M / ¢  = DO/O is normal in G/O. 
Now, we consider the former case DT = G. In this case, we see that TO/O ~- 
T /T  A O, which is a supersohlble subgroup of G/O such that (TO/O)(M/O) = 
G/O. This shows that the group G/O contains a normal subgroup NO/O such 

that each maximal subgroup of every Sylow subgroup of F(NO/O) = F(N)O/O 
has either a supersoluble supplement in G/O or it is normal in G/O. Clearly, 

(G/q~)/(NO/~) ~_ G/Ne2 ~_ (G/N)/(NO/N) is a supersohlble group. 

If • # 1, then la/*l < tal and, by the choice of G, we see that G/q~ is 

supersoluble and hence G is supersoluble by Lenlma 2.2. However, by our as- 

sumption on G, this is absurd. Consequently, we have O(G) = 1, and by Lemma 

2.5, F(G) = R1 x R2 x .. .  x Rt, where S l ,  R2 . . . . .  Rt are minimal normal sub- 

groups of G. Assume that, for all i E {1,2 . . . . .  t}, the order of the minimal 

normal subgroup Ri of G is a prime number. Then, by Lemma 2.4, G/Ca(Ri) 
t 

is abelian. Consider C = N~=I Ca(Ri). Then, it is clear that C = Ca(F(G)). 
Clearly, F(G) <_ C. But by Lemma 2.7, C <_ F(G). Hence C = F(G),  and so 

G/F(G) is an abelian group. This shows that every maximal subgroup E of G 

containing F(G) is normal in G, and hence IG : El is a prime. On the other 

hand, if E is a maximal subgroup of G such that F(G) ~= E, then G = R~E for 

some i C {1,2 . . . . .  t}, and so ]G : E I = IR~I is a prime number, because every 

Ri is a group of prime order. Thus, the group G is supersoluble by Lemma 2.3. 

This contradiction shows that there exists an index i such that IRil # p for all 

primes p. 

Without loss of generality, we may assume that i = 1. In this case, we let 

R1 ~ N. Then R1 N N = 1, and so R1 is isomorphic to the chief factor R1N/N 
of G/N. But, by our hypotheses, G/N is a supersoluble group, and consequently, 

IRll = IR~N/N I is a group of prime order. This contradiction shows that R1 

N, and so R1 c_ F(N). Let R1 be a p-group and P a Sylow p-subgroup of F(N) .  

Because P is a characteristic subgroup of F ( N )  and F(N) is a characteristic 

subgroup of N < G, we see that P is a normal subgroup of G and, by Lemma 

2.8, P can be expressed as a direct product of some minimal nornml subgroups 

of G. Without loss of generality, we can assmne that P = R1 x R2 x .. • x Rn. 

Let M be a maximal subgroup of R1. Clearly, n > 1. Since IR1 : M 1 = p, 
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we have IP  : M R 2 . . . R n l  = p, and  so we see tha t  M R 2 . . . R ~  is a m a x i m a l  

subgroup  of P .  By the choice of G, we see tha t  M R 2 . . .  Fin is e i ther  no rma l  

in G or there  is a supersoluble  subgroup  T of G such t ha t  T ( M R 2 . . . R ~ )  = 

G. Suppose  M R 2 . . . R n  <1 G. Then,  we have ( M R 2 . . . R ~ )  n -/~1 = M ( R 1 0  

R 2 ' "  Rn) = M <1 G. Now, R1 is a min ima l  no rma l  subgroup  of G wi th  1/711 ¢ p, 
a cont radic t ion .  Hence, M R 2 . . . R , ~  must  have a supersoluble  supplement  T 

in G. Assume tha t  R l  _< T. Then  T M R 2 . . . R ~  = T R 2 . ' . R n ,  and thereby  

G / R 2 . . - R ,  = T ( R . 2 . - . R , ) / ( R 2 . . . R , ~ )  ~_ T / T  n ( R 2 . . . R , , ) .  This  leads to 

G / R 2 . . .  R~, a supersoluble  group. In this  case, we see t ha t  R1 "~ P/Fl2 . . ._ f ln  

is a group of p r ime  order,  a contradic t ion.  Thus R1 ~( T. On the  o ther  hand,  

if R 2 . . ' R , ~  _< T, then  we have G = T M R . 2 . . . R ~  = T M ,  and hence IG : T[ <_ 

IAII < IR~I. But  ]~1 z = G ,  and so we have I a :  TI = IRII, a cont radic t ion .  

Let  E be a min ima l  no rma l  subgroup  of G conta ined  in R2 • • • Rt .  Then,  since 

~-~ R2 • . .  R.i-IFI~+I . . .  R~ = 1, 
i = 2  

there  exists  an index j such t ha t  

R 2 . . . R j - I R j R j + I . . . R ~  = R 2 " . R j - I E R j + I . . . R , .  

Thus  we m a y  suppose  wi thou t  loss of genera l i ty  t ha t  there  is an index 2 _< i < n 

such t ha t  for every min ima l  no rma l  subgroup  L of G conta ined  in Ri " • Rn we 

have L "g T, and  tha t  Rk _< T for all 1 <  k < i. Now let D = ( R I R i . . . R ~ )  N T .  

We claim tha t  D # 1. If  D = 1, then  by G = TR1  • . .  f ln = TR1Fli • • • Rn,  we 

have IG : r ]  = ]Rll]R~].. .  IR ,  I. On the  other  hand,  because  G = T M R 2 . . .  R,~ = 

T M R ~ . . . R ,  we have I a :  TI _< IMIIR~I"" In~l, a contradic t ion .  Consequently,  

D # 1 and our  c la im holds. Now, let  L be a min ima l  normal  subgroup  of G 

conta ined  in D. Since L _< T, we have L ~ R i - . .  Rn. But  L <_ Rl_Fli . . .  lzln, and 

hence we have L R i . . . R n  = R 1 R ~ . . . R ~ .  This  leads to G = T R 1 R 2 . . . R ~  = 

R2 " " F l i - I T R 1 R i  . . . Rn = T L R i  . . . Rn = T R y . . .  RT~, and hence G / R i  . . . Rn ~- 

T / ( T  N R i . "  Rn) .  This  shows t ha t  G/_Fli. . .  Rn is a supersoluble  group. Thus,  

111 ~- R 1 F l i ' "  R n / R i . . "  Rn is a group of pr ime order.  This  con t rad ic t ion  com- 

pletes  the  proof  of Theo rem 3.2. | 

COROLLARY 3.3: Let  G be a group having a normM subgroup N such that  G / N  

is supersoluble. A s s u m e  that  there exists  a set .P o f  subgroups o f  G having the 

following property:  For every  max ima l  subgroup M o f  any  Sy low subgroup o f  

F ( N )  the  set  .~ contains a supp lement  o f  M in G. Then f forms a G-covering 

subgroup s y s t em  for the class o f  supersoluble groups. 
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Proof: In view of Theorem 3.2, we first show that  N is soluble. Let rr(N) = 

{Pl,P2 . . . . .  Pt}. Since every biprimary group is soluble, we may assume that  

t > 3. Let P~ be a Sylow p~-subgroup of F(N) and Ti a supersoluble subgroup of 

G such that  TiMi = G for some maximal subgroup Mi of Pi. To prove that  N 

is a soluble group, we first assume that  F ( N )  = F(N) and Pi E rc(F(N)). Since 

Pi is a characteristic subgroup of F(N) ~_ N, we see that  Pi ~ N. Since N = 

NNTi-~I~ = NNPiTi = P~(NNTi), we deduce that  N/Pi ~- (NNTi)/(NNTiNP~). 

Thus, N/P~ is a soluble group, and hence N is a soluble group. Now, we suppose 

that  F ( N )  % F(N). Then F ( N )  is not soluble, and so 17r(F(N))[ >_ 3. Without 

loss of generality, we may assume that  p>P>Pa C rr(F(N)). In this case, G has 

three supersoluble subgroups T1, T2, T3 whose indices [G: Tj I, IG:  T21, IG:  T3[ 

are pairwise coprime (here we note that  if for some i E {1, 2, 3} the subgroup Pi 

has a prime order, then Mi = 1, and in this case G = TiMi = Ti is a supersoluble 

group). Hence, by Lemma 2.1, G is soluble. | 

COROLLARY 3.4: Let G be a group having a normal subgroup N such that G/N 

is nilpotent. Assume that there exists a set .7: of subgroups of G having the 

following property: For every maximal subgroup M of any Sylow subgroup of 

F(N)  the set $- contains a supplement of M in G. Then .~ forms a G-covering 

subgroup system for the class of nilpotent groups. 

Proof: Assume that  this corollary is false and let G be a counterexample with 

minimal order. By Theorem 3.2, G is supersoluble and we amy assume that  

¢ (G)  = 1 (see the proof of Theorem 3.2). It  is also clear that  F(N) = Op(N) = 

Cooc(N) for some prime p. Let {R1, R2 . . . . .  Rt} be the set of all minimal normal 

subgroups of G contained in N. Then, we have ]Rll = IR2] . . . . .  IRt] = P- 

Since by Lemma 2.14, Soc(N) C_ Soc(G), by Lemma 2.8, we see that  for each 

i E { 1 , 2 , . . . , t }  there exists a normal subgroup Mi of G such that  F(N) = 

AIi× Ri. Since Mi is evidently a maximal subgroup in F(N),  by the choice of 

G, there is a nilpotent subgroup Ti of G such that  M iTi = G. This leads to 

G/Mi is nilpotent. However, since n~=t ilIi = 1, G is a nilpotent group. This 

contradiction completes the proof. | 

COROLLARY 3.5: Every set of subgroups of a group G containing at least one 

supplement of T in G, for every maximal subgroup T of any Sylou" subgroup 

of-F(G), forms a G-covering subgroup system for both classes of nilpotent and 

supersoluble groups. 
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COROLLARY 3.6: Let G be a soluble group. Let N be a normal subgroup of G 

with supersoluble quotient. If every maximal subgroup of any Sylow subgroup 

of F(N) is normal in G, then G is supersoluble. 

THEOREM 3.7: Let G be a group having a normal subgroup N such that G/N 

is supersoluble. Assume that there exists a set 5 c of subgroups of G ha~qng the 

following property: For every maximal subgroup M of any Sylow subgroup of N, 

either M is normal in G or ~ contains a supplement of M in G. Then ,~ forms 

a G-corering subgroup system for the class ofsupersoluble groups. 

Proof." Assume that the theorem is false and let G be a counterexample with 

minimal order. 

Let R be an abelian minimal normal subgroup of G and 171 a maximal subgroup 

of R. Assume that there is a supersoluble subgroup T of G such that TR1 = G. 

Then [G : T] _< IRl] < 1171. Since R is abelian and T17 = G, we have TAR <_ G. If 

TAR = 17, then G = 17T = T is a supersoluble group; however, this is not true by 

the choice of G. Hence T A R  ¢ t7, and by the minimality of 17 we have TNR = 1, 

i.e., IG : TI = 1171. This contradiction shows that for every maximal subgroup 

171 of R and for every supersoluble subgroup T of G, we have T171 ¢ G. Thus, 

in particular, we have 17 ¢ N, and so R N / R  is a nontrivial normal subgroup of 

G/R such that the factor group (G/17)/(RN/17) ~- G / R N  ~- (G/N)/(17N/N) is 

supersoluble. 

Let P/17 be a Sylow q-subgroup of 17N/17 and M/17 a maximal subgroup of 

P/17. Let Pq be a Sylow q-subgroup of P A N .  Then by Lemma 3.1, Pq is a Sylow 

q-subgroup of N and M = 17B, where B = M n N N Pq is a maximal subgroup 

of Pq. This leads to B is either normal in G or B has a supersoluble supplement 

T in G. In the former case, M / R  = BR/17 <3_ G/17. In the latter case, we see 

that (M/17)(T17/17) = MT/17 = G/17 and T17/17 ~_ T / R  N T is supersoluble. 

Consequently, by the choice of G, we conclude that G/17 is a supersoluble group. 

Since the class of all supersoluble groups is a saturated formation, we see that 

R f ~(G) so that G does not contain an abelian minimal normal subgroup which 

is different from 17. 

We now claim that G is soluble. It is clear that 17r(G)l > 1. Let r and q 

be respectively the minimal and the maximal numbers in the set 7r(G), and let 

P be a Sylow r-subgroup of G. Assume that ]PI = r. It is not difficult to 

show that in this case the group G has a normal complement M with respect 

to P. By the choice of G, this complement is soluble and G is sohtble. Assume 

then that IPI > r. If some maximal subgroup of P is normal in G then we 
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can apply induction and complete the proof of our claim. We now assume that  

all the maximal subgroups Mi of P are nonnormal in G so that  they have the 

corresponding supersoluble supplements Ti in G. 

Let My be a maximal subgroup of P with a supersoluble supplement Tj. Then, 

each coset of Mj in P has a representative from Tj. Now, we can pick a Sylow 

q-subgroup Q of G which is contained in Tj, and by Lemma 2.11 we have Q <1 Tj. 

This shows that  each coset of Mj in P has a representative which normalizes Q. 

Now let Mk be another maximal subgroup of P with a supersoluble supplement 

Tk. Clearly, this supplement contains a Sylow q-subgroup Q1 of G, and since P 

acts transitively on the set Sylq(G), we can write Q1 = Q p l  where pl E P.  Since 

QPl <3 Tk, each coset of/llrk in P has a representative which normalizes (~Pl. [11 

other words, Mk has a transversal in P in which each element is of the form 9 pl , 

where g normalizes Q. 

We have proved that  each maximal subgroup Mi of P has a transversal Si in P 

in which each element is of the form g pl , where g normalizes Q and pl G P.  Now, 

let S be the union of all these transversals Si. Then, we can easily prove that  S 

generates P.  Since P~ <_ (I)(P), each element of S is congruent module ~ ( P )  to 

an element of Na(Q). If follows that  P is generated by elements in Na(Q) and 

so (recall that  Q <1 Tj) Q is normal in G. By applying induction, we can see that  

G is soluble as required. 

Let R = Soc(G) be a p-group. Denote Ca(R) by C. Then, by the minimality 

of IGI we may assume that  ~ (G)  = 1, hence there exists a maximal subgroup M 

which does not contain R. It  is now clear that  C N M _ G. Also, M~, = 1. This 

leads to C N M  = 1, and thereby C = C N R M  = R(CVIM)  = R. By using 

Lemma 2.10, we see that  Op(G/C) = Op(G/R) = 1. 

Clearly, R <_ N. Now, by using the same arguments as in the second paragraph, 

we see that  R # N. Assume that  7r(N) = {p}. Then N / R  <_ Op(G/R), and so 

R = N, a contradiction. Hence 17r(N)l > 2. 

Let d be the largest prime divisor of INI. Assume that  d = p. Since Op(G/R) = 

I and M ~_ G/R, we have Op(M) = 1. Because IGI is minimal, we see that  G/R is 

supersoluble. Hence M is also supersoluble, and so p ~ ~r(M). Thus, R is a Sylow 

p-subgroup of G and, in particular, R is a Sylow/)-subgroup of N. Therefore, if 

R1 is a maximal subgroup of R, then R1 is either normal in G or G = R1T for 

some supersoluble subgroup T of G. But R itself is a minimal normal subgroup 

of G and, evidently, IRI # p. This shows that  R1 is not normal in G. For the 

other case, it is impossible in view of the second paragraph. Hence p ¢ d. 

Let x E 7r(N) \ {p} and let X be a Sylow x-subgroup of N. If X1 is a maximal 



Vol. 138, 2003 G-COVERING SUBGROUP SYSTEMS 135 

subgroup of X, then X1 is either normal in G or there exists a supersoluble 

subgroup T of G such that X1T = G, and so IG : T I = a "~ for some natural 

number a. Assume that we have the latter case. Then R < T. Since C = R, 

for every 1 E 7r(T)\{p}, we have Ol(T) = 1. Hence by Lemma 2.11, p is the 

largest prime divisor of ITI, and so p is the largest prime divisor of INI. This 

contradiction shows that X1 _~ G. But, evidently, X1 AR = 1, and hence X1 = 1. 

Consequently, for all J" E re(N)\{p}, we can see that any Sylow x-subgroup of N 

is always of prime order. 

Suppose that Ire(N)l > 2. Because N is a soluble group, we may choose a 

Sylow d-subgroup D of N such that for some Sylow p-subgroup H of N, the 

product HD is a subgroup of N. Since re(N) ~; {p, d}, we have PD 7 ~ N, and by 

the choice of G, we see that the subgroup PD is supersoluble. Now, by Lemma 

2.11, we have D ~ PD. But R C H, and so D C_ C =  R. This contradiction 

shows that 7r(N) = {p, d}, where p = r < q = d. Analogously, we can also obtain 

a contradiction for the case N • G. Hence, N = G. 

Let. (~ be a Sylow q-subgroup of M. Since/li r is supersoluble, we have Q <1 2/I, 

and so Q c_ F(M).  If pIIF(M)I, then since any Sylow p-subgroup Y of F(M) 

is characteristic in F(2/f), we see that Y is normal in M. But Op(M) = 1, and 

so Q = F(M). By using the above argument again, we can easily deduce that 

IQI = q. Hence Q is a unique minimal normal subgroup of ~I and, by Lemma 

2.7, we have CM(Q) = Q. Now, by using Lemma 2.4, we can immediately see 

that if P2 is a Sylow p-subgroup of M, then P2 ~ M/CM(Q) = ~I/Q. This 

shows that P2 is a cyclic group. 

Let 17 = RP2. Clearly, 17 is a Sylow p-subgroup of G. Let P1 be a maximal 

subgroup of V such that t2, 2 < P1. Then Pl = P1 fl RP2 = P2(P1 K/R). Clearly 

R ~ P1- If P1 ~ G, then P1 N R = 1, and hence Pt C C = R. This contradiction 

shows that P1 is not normal in G, and so there is a supersoluble subgroup T of 

G such that G = P I T .  Clearly, q c re(T). Now, let Zq be a Sylow q-subgroup 

o f T .  Then Z v is a Sylow q-subgroup of G, and so Zq = Qu for some g E G. 

It is clear that  M = Nc;(Q), and hence M 9 = NG(Zq). However, because the 

group T is supersoluble, we can deduce that T C_ Na(Zq) = M 9. Let T ¢ Mg. 

Because G = PIT, we have M9 = 519 n P1T = T(Mg n P1), and so there 

exists a Sylow p-subgroup MR of M 9 and a Sytow p-subgroup Tp of T such that 

Mp = Tp(Mg N P1 ). But. by the above argument immediately, we see that Mp 

is a cyclic group. Hence either ;1I ~ A P1 = Mp or T v = Mp. For the former 

case, we can let Pa be a Sylow p-subgroup of T such that Pa _< Mp. Then 

Pa _< P1- However, because T = P:3Q1 for some Sylow q-subgroup Q1 of T, we 
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have G = P1T = P1P3Q1 = PIQ1. But IG : Qll = [Vl > [Pll, a contradiction. 

Hence, we have now shown that M 9 A P1 ~ Mp. Thus we only have T~ = Mp, 

and so T = Mg. 

Let g = my,  where rn E M and y C R. Then Mg = MmY = MY = P~(Zq)L 

Since P1 is a maximal subgroup of V, P1 is normal in V. However, because 

P2 _< P1, we have P~ < / ) I -  This shows that G = PIT  = P1M 9 = P1P~(Zq) y = 

PI(Zq) ~, and therefore ]G] = IPllq < ]Vlq. This contradiction completes our 

proof. | 

Analogously, by using similar arguments, we can prove the following theorem 

for the class of nilpotent groups. 

COROLLARY 3.8: Let G be a group having a normal subgroup N such that G / N  

is nilpotent. Assume that there exists a set .~ of subgroups of  G having the 

following property: For every maximal subgroup M of  any Sylow subgroup of  N 

the set .~ contains a supplement of M in G. Then 5K forms a G-covering subgroup 

system for the class of  nilpotent groups. 

COROLLARY 3.9: Let S be an arbitrary" Sylow subgroup of a group G. Then for 

every maximal subgroup T of  S, the set of  every subgwup of G contains at least 

one supplement o f T  in G, and, moreover, this set forms a G-covering subgroup 

system for the classes of nilpotent groups and supersoluble groups. 

We now call a subgroup H of a group G O-free in G if G does not contain any 

subgroup T such that H c ~(T). 

Remark  3.10: The example of the group A4 shows that the set of all comple- 

ments of the Sylow subgroups of a group G and the set of all conlplements in G 

of the Sylow subgroups of F(G) are in general not G-covering subgroup systems 

for the class of supersoluble groups. The example of the group $3 shows that 

there exist groups G in which the set of all complements of minimal subgroups 

is not. a G-covering subgroup system for the class of nilpotent groups. In this 

connection, we have the following interesting theorem. 

THEOREM 3.11: Let G be a group. Assume that there exists a set ~ of  subgroups 

of G having the following property: For every O-free Q'clic subgroup L of G with 

prime order or with order 4, either L is normal in G or ~ contains a supplement of 

L in G. Then ~ forms a G-covering subgroup system for the class ofsupersoluble 

groups. 

Proof: Assume that the theorem is false and let G be a counterexample with 

minimal order. We first let H be a subgroup of G. If :r is an element in H of prime 
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order or order 4 and T is a supersoluble subgroup of G such that  < z > T = G, 

then H = HN < x > T = <  x > (H n T). In this case, < x > has a supersoluble 

supplement H N T  in H. Hence, by the choice of G, this group is not supersoluble 

but all proper subgroups of G are supersoluble. By using Theorem 22 [7] and the 

main result from [3] (see, also, [8; p. 721]), we see that  the group G has a normal 

Sylow p-subgroup P satisfying the following properties: 

(1) P is the least normal subgroup of G with a supersoluble quotient group; 

(2) p/e2(p) is a chief factor of G; 

(3) P has an exponent p when p is odd and has an exponent 2 or 4 when p = 2; 

(4) p i  = O(p)  = p n ¢P(G), and either P is an elementary abelian subgroup 

or P '  = Z(P). 

Now, let ,r C P\~(P)  and L = <  x >. We first show that  L is a B-free sub- 

group of G. Assume that  there exists a subgroup M of G such that  x C ~ (M) .  

Since for every subgroup A" of every nilpotent group X,  we have ~5(N) C_ q)(X), 

and because x ~ ~ (P ) ,  we can immediately see that  M qZ P.  Also, it is clear 

that  ~lp = P N ~I  is a normal Sylow p-subgroup of M. Since the group G is 

soluble, M has a subgroup D such that  M = [~lp]D. If Mp is an elementary 

p-group, then by the well known Masehke's theorem [6; Ch.3, Theorem 3.1], we 

have hip = M1 × "" x hit, where each hl~ is a minimal normal subgroup of M. 

Hence q)(M) C/Mp = 1. But :r E Mp A q)(M); this contradiction shows that  

(P(l~lp) # 1. We now claim that  O(M) A AIp= ~(_h/:p). Indeed, ¢P(Mp) C_ q)(M). 

But since the Sylow p-subgroup Mp/¢(Mp) of the factor group M/¢(Mp) is an el- 

ementary abelian p-group, we see that  Mp/¢(Mp) is complemented in M/¢(Mp) 
by the subgroup DrI,(Mp)/rI,(Mp). This leads to ¢2(M/g2(Mp)) rl (Mp/rI,(Mp)) = 
(¢I,(M) A Mp)/rP(Mp) = 1. Consequently, ~ ( M )  n Mp = 4p(Mp) and our claim is 

established. This leads to x E ¢p(Mp) C_ q~(P), which is a contradiction. Hence 

L is a ~P-free subgroup of G. 

Now, we assume that  L _~ G. Then L~(P) is clearly a normal subgroup 

of G such that  ¢p(P) < LO(P) <_ P, and s o L O ( P )  = P. In this case, we see 

that  the chief factor P/rI,(P) is isomorphic to the factor L/O(P) N L. Since 

P/¢(P)  is itself an elementary abelian group, we have ¢(L)  c_ ¢ ( P )  n L. Hence 

L/4)(P) C'l L is a group of prime order, and so P/O(P) must be a cyclic group. 

Since G/P  ~ (G/rI,(P))/(P/~(P)) is a supersoluble group, G/rI,(G) is supersolu- 

ble. This contradiction shows that  L is not normal in G. However, by the choice 

of G, we easily see that  there is a supersoluble subgroup T of G such that  G = LT. 
Because G is not supersoluble, we know that  T ¢ G. Therefore, we can let H be 

a maximal  subgroup of G containing T, that  is, T <_ H. Now, if P <_ H, then 
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L _< H ,  and hence G = L T  = L H  = H,  again a contradiction.  This  shows tha t  

P ~ H .  As P _~ G, we have (I)(P) C O(G). Consequently,  we have q)(P) C_ H ,  

and so P n  H = PC? H a  = qs(p). This  implies tha t  the chief factor p/rb(p)  is in- 

deed G-isomorphic  to the factor H a P / H a .  However, G / H a  is a pr imit ive group 

and, by L e m m a  2.9, P H a / H a  is a unique minimal  normal  subgroup of G / H a .  

Hence, it follows tha t  [G/Ha : g/Hal = [PHa/HG[ = [P/g)(P)[ = [a : HI. 

Because L H  = G, we have [G : HI <_ ILl. In part icular ,  we notice tha t  if ILl = 4, 

then x 2 E (I)(P), and hence H n L 5a 1. In this case, we obta in  IH n L I = 2, and 

thereby [G:  H[ = 2. Thus,  in any case, IP/~(P)l = I a :  HI is a prime number .  

This  contradict ion completes  the proof. | 
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